Abstract. The purpose of this paper is to give a proof of the real part of the Riemann-Roch-Grothendieck theorem for complex flat vector bundles at the differential form level in the even dimensional fiber case. The proof is, roughly speaking, an application of the local family index theorem for a perturbed twisted spin Dirac operator and some properties of the Cheeger-Chern-Simons class. Along the way we prove some results concerning the local family index theorem without the kernel bundle assumption.
The main result of this paper is the Z 2 -graded version the real RRG at the differential form level for dim(Z) even (Theorem 1), i.e., we prove (1.0.2) at the differential form level for dim(Z) even, where the complex flat vector bundle F → X is Z 2 -graded. By taking an appropriate F → X in Theorem 1 we obtain the differential form refinement of a result by MaZhang [75, (3.98) ] for dim(Z) even. By arguing as in [75, p.614] , which makes use of a result by Bismut [14, Theorem 3 .12], we obtain the real RRG for dim(Z) even. Along the way we prove a variational formula for the Bismut-Cheeger eta form without the kernel bundle assumption, which could be of independent interest. A brief description of the main results is given in section 1.2.
An essential difference between the previous proofs and the present proof of the real RRG is the tools used in the proofs. In by Cheeger-Simons, whose proof involves the Atiyah-Patodi-Singer index theorem [2] . In [75] Ma-Zhang use adiabatic limit computations of the reduced η-invariant of the sub-signature operator developed by Zhang [84] . Our proof of the real RRG at the differential form level for dim(Z) even makes use of the local family index theorem (local FIT) for a perturbed twisted spin Dirac operator and some properties of the Cheeger-ChernSimons class. The proofs of all the results in this paper do not involve the reduced η-invariant nor adiabatic limit calculations. However, since the result by Bismut [14, Theorem 3 .12] we use to derive the real RRG for dim(Z) even is proved by using the reduced η-invariant and adiabatic limit calculations, the present proof of the real RRG for dim(Z) even still use these tools. On the other hand, our proof of the real RRG at the differential form level for dim(Z) even does not use (1.0.3) nor the Atiyah-Patodi-Singer index theorem, so the fibers need not assume to be orientable. This partially answers a question by Bismut [14, Remark 3.10] .
Since for dim(Z) odd, the right-hand side of (1.0.2) is zero, the odd dimensional fiber case of the real RRG states that the left-hand side of (1.0.2) is zero. It is well known that most of the local family index type theorems in the odd dimensional fiber case are proved by applying a trick due to Bismut-Freed (see the proof of [18, Theorem 2.10] and also [53, §9] ) and the corresponding local FIT in the even dimensional fiber case. We are unable to prove the odd dimensional fiber case of the real RRG at the differential form level at this moment. The reason seems to be the incompatibility of our techniques and the trick by Bismut-Freed. However, we have an idea to overcome the incompatibility, and the same idea can also be used to prove the odd dimensional fiber case of the Grothendieck-Riemann-Roch theorem in flat K-theory (flat GRR) [70] at the differential form level. These questions will be treated in a future paper.
1.1. Historical background and related work. In this subsection we briefly review the historical background of the RRG theorem. For a detailed exposition, see [12, 54] .
The subject begins with the study of two invariants: the topologically defined Reidemeister torsion [81, 52] and the analytically defined Ray-Singer torsion [79, 80] . These two torsions assign to each acyclic flat Hermitian vector bundle F → X a real number. It is conjectured that these two torsions are equal for closed Riemannian manifolds [79] . The affirmative answer is given by Cheeger [37] and Müller [77] independently, and is later extended to non-unitary flat vector bundles by Müller and Bismut-Zhang respectively [78, 25] .
Bismut-Lott RRG theorem is the characteristic class version of DwyerWeiss-Williams parametrized index theorem [42] in the same way as the local FIT [11, 15, 39] is the characteristic class version of the Atiyah-Singer family index theorem [5] . The analytic index corresponds to the sheaf theoretic higher-derived image and the topological index corresponds to the BeckerGottlieb-Dold transfer [8, 41] . The counterpart of the Bismut-Cheeger eta form as a transgression form in the local FIT is the Bismut-Lott analytic torsion form T , a transgression form for the imaginary part of the RRG theorem at the differential form level [23, Definition 3.22, Theorem 3.23] . The degree zero part of T is the Ray-Singer torsion of the fibers.
We refer to [72, 71, 83, 19, 43, 63, 16, 44, 45, 57, 26, 24, 46, 47, 31, 28, 27, 20, 48, 21, 73, 64, 60, 51, 49, 35, 22, 68, 65, 10, 50, 40, 7, 56, 55, 6, 36, 34, 85] for the details and its recent developments in related areas.
1.2. Method of proof. In this subsection we describe the main results and outline the method of proof.
The motivation of our proof of the real RRG at the differential form level for dim(Z) even comes from a fundamental but crucial observation by MaZhang [75, (2.44) ] that for a complex flat vector bundle F → X with a Hermitian metric g F and a flat connection ∇ F (which is not assumed to be compatible with g F ) the real part of the Cheeger-Chern-Simons class CCS(F, ∇ F ) is given by
(1.2.1) where ∇ F,u is a unitary connection on F → X constructed out of ∇ F . The details are given in section 2.3. By considering
is the flat Chern character [70, Definition 9] . On the other hand, given a submersion π : X → B with closed, oriented and spin c fibers and a Z 2 -graded generator E of K −1 L (X), the flat GRR is an equality in H odd (B; R/Q) stating that
where ind
is the analytic index in flat K-theory. By comparing (1.0.2) and (1.2.3) using (1.2.2) we wonder if the real RRG can be proved in a way similar to the flat GRR.
Since the main idea of our proof of the real RRG at the differential form level for dim(Z) even is similar to that of the flat GRR [62], we briefly recall it here. Given the setup of the flat GRR described in above, consider the associated submersion π : X → B, where I = [0, 1], X = X × I (similarly for B) and
L (X), we construct a complex vector bundle E → X with a Hermitian metric g E and a unitary connection ∇ E such that i * X,1 ∇ E = m∇ E + and i * X,0 ∇ E = m∇ E − for some m ∈ N. Assume the family of kernels ker(D 
where η is the associated Bismut-Cheeger eta form. By integrating (1.2.4) along the fibers of the trivial fibration B → B we obtain an equality of closed odd differential forms refining (1.2.3). Our proof of the flat GRR at the differential form level suggests that the same strategy can be used to prove the real RRG at the differential form level for dim(Z) even as long as the spin c Dirac operator is replaced by the de Rham operator. However, it does not apply directly due to the following problems.
The first problem is that the local FIT for the twisted de Rham operator
where F → X is a complex flat vector bundle and η dR is the Bismut-
, the right-hand side of (1.2.5) is zero, and therefore η dR is closed. A stronger result by Bismut [14, Theorem 3.7] states that η dR = 0. Thus integrating (1.2.5) along the fibers of B → B gives 0 = 0, instead of an equality of closed odd differential forms refining (1.0.2). The second problem is that we have assumed the existence of the kernel bundle ker(D S c ⊗E ) → B in our proof of the flat GRR, but it does not exist in general. It is well known in index theory that if the kernel bundle does not exist, then one can perturb the Dirac operator so that the resulting family of kernels form a vector bundle. Thus the statement in question can usually be reduced to the kernel bundle case. This reduction process can be applied to the flat GRR, but not to the real RRG at the differential form level for dim(Z) even. See 2 of Remark 1 for an explanation. Before we outline the solution to these two problems, let us briefly recall that there are (at least) two approaches to deal with the non-existence of the kernel bundle.
• One approach is given by Atiyah-Singer [5] (see also [9, §9.5] ). The idea is finding a trivial bundle C N → B and a linear map s : C N → (π * E) − in order to perturb the Dirac operator D by a smoothing operator R s induced by s, so that (D + R s ) + : (π * E) + ⊕ C N → (π * E) − is surjective, and therefore ker((D + R s ) − ) = 0. In this
The idea is finding a Z 2 -graded finite rank subbundle L → B of π * E → B and a Z 2 -graded complementary subbundles K → B such that D + is block diagonal with respect to the decomposition (π * E) ± = K ± ⊕ L ± and restricts to an isomorphism
. The idea of solving the two problems in above is, roughly speaking, to consider the following perturbed twisted spin Dirac operator
The unitary connection ∇ F ,u on F → X defining D S ⊗S * ⊗F is chosen in the way that its curvature satisfies a certain condition (namely, (2.2.4)) only on 
where the curvature of the unitary connection ∇ F,u defining D Λ⊗F satisfies (2.2.4). This implies that
as Z 2 -graded complex vector bundles over ∂ B if we assume the left most kernel bundle (1.2.7) exists over B. However, this assumption is not verified in general, so we need to use one of the two approaches in above. We choose to use the approach given by Miščenko-Fomenko, and the ingredients of the local FIT in this setup is given by Freed-Lott [53, §7] . More precisely, we first establish a variational formula for the Bismut-Cheeger eta form without the kernel bundle assumption (Proposition 1). As a byproduct we give independent proofs of the facts that the analytic index in differential K-theory defined without the kernel bundle assumption does not depend on the choice of the finite rank subbundle L → B (Corollary 1), and moreover, if the kernel bundle exists then the two definitions of the analytic index in differential K-theory, with and without the kernel bundle assumption, agrees, i.e., they are equal as elements in the differential K-group (Corollary 2). These are first proved by Freed-Lott [53, (3) and (4) After all these preparations for the local FIT without the kernel bundle assumption, we follow the strategy of the proof of the flat GRR, namely, integrating the local FIT for the Dirac operator (1.2.6) without the kernel bundle assumption along the fibers of the trivial fibration B → B. Since the kernel bundle exists on ∂ B, the idea is to "replace" the pullback of the Z 2 -graded finite rank subbundle L → B to ∂ B by the kernel bundle. We do not apply Corollary 2 in this step, but it provides a guidance on what and how the geometric data should be replaced. See (3) of Remark 1 for an explanation. The resulting equality of closed odd differential forms is the Z 2 -graded version of the real RRG at the differential form level for dim(Z) even.
We conclude this subsection by the following remarks.
Remark 1.
(1) We would like to emphasize that our proof of Theorem 1 has nothing to do with differential K-theory, and we could state Corollary 1 and Corollary 2 without using the language of differential K-theory. However, we find differential K-theory is (at least) a very convenient tool to keep track of the changes of the ingredients (connection, the Bismut-Cheeger eta form, etc) of the local FIT when the defining data are deformed, and it effectively shortens the presentation. (2) For the flat GRR, if the kernel bundle exists then the bundle part of the analytic index in flat K-theory is defined to be the kernel bundle; otherwise the bundle part is defined to be any fixed choice of the finite rank subbundle L → B using the approach by Miščenko For the real RRG with dim(Z) even, however, there is a specified "target" regardless of the existence of the kernel bundle of the Dirac operator (1.2.6), namely, the cohomology bundle H(Z, F | Z ) → B. Moreover, if we prove Theorem 1 with the kernel bundle assumption, whose existence is actually not known in reality, we would have to pull back, for example, the unitary connection on the possibly nonexisting kernel bundle over B to ∂ B in order to obtain the unitary connection
This argument is certainly incorrect. We would like to thank the referee for pointing this out. (3) Technically we cannot (and do not) apply Corollary 2 to prove Theorem 1 when replacing the pullback of the Z 2 -graded finite rank subbundle L → B to ∂ B by the kernel bundle. This is due to the perturbed twisted spin Dirac operator (1.2.6). The definition of the analytic index in differential K-theory does not permit us to perturb D S ⊗S * ⊗F by V . In any case Corollary 2 tells us the relationships between, for example, the unitary connections and the Bismut-Cheeger eta forms of the analytic index in differential K-theory with and without the kernel bundle assumption.
1.3. Outline. The paper is organized as follows. In section 2 we review the background material, including some aspects of the Chern character form and the Chern-Simons form, the Cheeger-Chern-Simons class of complex flat vector bundles, the setup and the statement of the local FIT for twisted de Rham operator, and the local FIT for twisted spin Dirac operator with and without the kernel bundle assumption. In section 3 we prove the main results in this paper. In section 3.1 we prove the variational formula of the Bismut-Cheeger eta form without the kernel bundle assumption, and the independence of the choice of the Z 2 -graded finite rank subbundle in the definition of the analytic index in differential K-theory. Moreover, we show that if the kernel bundle exists then the two definitions of the analytic index in differential K-theory agrees. Section 3.2 is devoted to some basic properties of the Cheeger-Chern-Simons class that will be useful in section 3.3. In section 3.3 we prove a Z 2 -graded version of the real RRG at the differential form level for dim(Z) even. Then we deduce the real RRG.
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Background material
In this paper X and B are closed manifolds and I is the closed interval [0, 1]. Given a manifold X, define X = X × I. Given t ∈ [0, 1], define a map i X,t : X → X by i X,t (x) = (x, t). Denote by p X : X → X the standard projection map. Given a Z 2 -graded complex vector bundle E → X, denote by E op → X the Z 2 -graded complex vector bundle whose Z 2 -grading is the opposite of E → X, i.e., (E op ) + = E − and (E op ) − = E + . We will also use the notation op for other Z 2 -graded objects.
2.1.
Chern character form and Chern-Simons form. In this subsection we recall the definitions of the Chern character form and the ChernSimons form, and also fix some convention.
Let E → X be a complex vector bundle with a connection ∇ E . The Chern character form of ∇ E is defined by
is the set of all closed complex-valued forms on X of even degree.
where X/X denotes the fiber of the fiber bundle X → X, and X/X denotes the integration along the fiber. If E → X is equipped with a Hermitian metric g E and ∇ E is unitary with respect to g E , then ch(∇ E ) ∈ Ω even Q (X), where Ω even Q (X) is the set of all realvalued closed forms of even degree with periods in Q. The definition of the Chern-Simons form in this case is similar. Let g E be a Hermitian metric on E → X and ∇ E a connection on E → X compatible with g E . For k = 0, 1,
Thus we may assume g E 1 is equal to g E 0 , and therefore we may assume ∇ E 1 is unitary with respect to g E 0 . In this case the Chern-Simons form is defined by (2.1.3). Since in this case ch(
To prove that the Chern-Simons form defined by (2.1.3) satisfies (2.1.1), we need to invoke the Stokes' theorem for integration along the fibers (see, for example, [30, (1.52) ] and [59, Problem 4 (p.311)]). In general, for a smooth fiber bundle π : M → B with compact fibers of dimension n, where M is a manifold with boundary, satisfying certain orientability assumptions, we have
where i : ∂M → M is the inclusion map and ω ∈ Ω k (M ). By applying (2.1.4) to the fiber bundle X → X, we have
1.10) One can define Chern character form and Chern-Simons form in a similar ways, except that the trace is replaced by supertrace.
We will need some facts about integration along the fibers. Let p : M → X be a smooth fiber bundle with compact fibers. By [29, Chapter 1], we have
for all α ∈ Ω(X) and β ∈ Ω(M ).
If q : X → B is another smooth fiber bundle with compact fibers, then q • p : M → B is a smooth fiber bundle with compact fibers. It is straightforward to check (or see [59, Problem 3 
(2.1.12)
Let E → X be a Z 2 -graded complex vector bundle with a Z 2 -graded Hermitian metric g E and a Z 2 -graded unitary connection
. The notion of split quadruple will play an important role in proving the variational formula of the Bismut-Cheeger eta form without the kernel bundle assumption.
2.2.
Cheeger-Chern-Simons class. In this subsection we review the definition of the Cheeger-Chern-Simons class of complex flat vector bundles. We refer to [23, 14, 75] for the details.
Let F → X be a complex flat vector bundle with a flat connection [75, Definition 2.11] ) is defined as follows. Denote by C N → X the trivial complex vector bundle of rank N . Since ch(∇ F − C rank(F ) ) = 0 ∈ H even (X; Q), there exists k ∈ N such that kF ∼ = kC rank(F ) . Let ∇ kF 0 be a trivial connection on kF → X, which can be determined by choosing a global frame for kF → X. One can check that the odd form
is unitary with respect to g F and has curvature
By [14, (2.33), (2.37)], tr(ω(F, g F ) 2k ) = 0 for any k ∈ N, and therefore
By [75, (2. 44)] the real part of CCS(F, ∇ F ) is given by
Let F → X be a Z 2 -graded complex flat vector bundle with rank(F + ) = rank(F − ) with a Z 2 -graded flat connection ∇ F = ∇ + ⊕ ∇ − . The CheegerChern-Simons class of (F, ∇ F ) is given by
where k ∈ N is such that kF + ∼ = kF − and j : kF + → kF − is an isomorphism. By a similar argument to (2.2.4) we have Remark 2. The Cheeger-Chern-Simons class CCS(F, ∇ F ) roughly measures the deviation of ∇ F (or more precisely its k-fold direct sum) from being a trivial connection. If ∇ F (or k∇ F ) is indeed a trivial connection, then k∇ F differs from ∇ kF 0 by a gauge transformation specified by a map
The same is true if F → X is a Z 2 -graded complex flat vector bundle with a Z 2 -graded flat connection.
Note that Remark 2 applies to Re(CCS(F, ∇ F )) as well.
Local index theory for twisted de Rham operator.
In this subsection we recall the setup and the statement of the local FIT for twisted de Rham operator [14, §3] (see also [23, 75] ).
Let π : X → B be a submersion with closed fibers Z of dimension n. Denote by T V X → X the vertical tangent bundle. Let T H X → X be a horizontal distribution for π : X → B, i.e., T X = T V X ⊕ T H X. Denote by
, ε is the exterior multiplication and i is the interior multiplication. Here
Let F → X be a complex flat vector bundle with a flat connection ∇ F . Put a Hermitian metric g F on F → X. Define a twisted Dirac operator
where
, and {e k } a local orthonormal frame for T V X → X. Define an infinite rank Z-graded complex vector bundle π Λ * F → B whose fiber over b ∈ B is (π
By [23, (3.6)] we have
Denote by * the fiberwise Hodge star operator associated to g T V X , and extend it from Γ(X, Λ(
where d vol(Z) is the Riemannian volume form along the fibers Z.
is unitary with respect to g π Λ * F [17, Proposition 1.4]. Denote by d Z the fiberwise de Rham operator coupled with ∇ F acting on 
where T is the curvature 2-form of the fiber bundle X → B, and i T is given in [23, Definition 3.3] . 
By Hodge theory we have
Define a vector bundle ker(D Z,dR ) → B whose fiber over b ∈ B is given by
Note that ker(D Z,dR ) → B inherits a Hermitian metric from g π Λ * F , which will be denoted by 
Consequently we have
By [23, (3.38) ] we have ∇ 
By [25, Proposition 4 .12] we have
Note that V is an odd self-adjoint matrix-valued operator which anti-commutes with the c(X)'s.
The rescaled Bismut superconnection B dR t is given by
Remark 3.
(
defined by (2.3.12) whose degree zero term B dR [0] is perturbed by V . The reason of considering B dR is because our target is the cohomology bundle H(Z, F | Z ) → B, which is isomorphic to ker(D Λ⊗F +V ) → B. Here the notion of superconnection is generalized in the sense of [9, p.286] . By [23, (3.40) 
where 2.4. Local index theory for twisted spin Dirac operator. In this subsection we review the setup and the statement of the local FIT for twisted spin Dirac operator with and without the kernel bundle assumption. We refer to [70, §5] and [53, §7] for the details. Let π : X → B be a proper submersion with closed, oriented and spin fibers Z of even dimension n. Endow T V X → X the geometric data as in section 2.3. Denote by S(T V X) → X the Z 2 -graded spinor bundle. The unitary connection ∇ T V X lifts uniquely to S(T V X) → X and preserves its grading.
Let E → X be a complex vector bundle equipped with a Hermitian metric g E and a unitary connection ∇ E . Then S(T V X) ⊗ E → X is a Z 2 -graded complex vector bundle equipped with the Hermitian metric g T V X ⊗ g E and the unitary connection ∇ S(T V X)⊗E := ∇ S(T V X) ⊗ ∇ E . The twisted spin Dirac operator D S⊗E acting on Γ(X, S(T V X) ⊗ E) is defined to be
where c is the Clifford multiplication, and {e k } is a local orthonormal frame for T V X → X.
Define an infinite rank bundle π spin * E → B whose fibers over b ∈ B is given by (π
Note that π
where k is given by (2.3.4), is Z 2 -graded and unitary with respect to g π 
Note that the direct sum decompositions
The Bismut superconnection B E on π spin * E → B is defined to be
where T is the curvature 2-form of the fiber bundle π : X → B. The rescaled Bismut superconnection B E t is given by
Denote by
The Bismut-Cheeger eta form associated to B E is defined to be
The notation for the Bismut-Cheeger eta form, inspired by Liu [69] , is to emphasize the dependence on the geometric data involved.
The local FIT for D S⊗E states that Define an infinite rank bundle π
That is, π 
We refer to [53, p.943] for the properties of
E and the Z 2 -graded unitary connection 
E,u depends on the choices of L → B satisfying the MF property with respect to D S⊗E . However, for the clarity of the notation we will only emphasize the dependence when necessary.
Choose and fix a ∈ (0, 1) and let α : [0, ∞) → [0, 1] be a smooth function such that α(t) = 0 for all t ≤ a and α(t) = 1 for all t ≥ 1. The choice of a is actually immaterial. Define the Bismut superconnection B E on π spin * E → B by 
Since D S⊗E (α(t)) is invertible for t sufficiently large (or more precisely, for t ≥ 1), we have [53, (7.24)]:
Remark 5. As noted in [53, p.943], when t → 0 (or more precisely, for t ≤ a) the rescaled Bismut superconnection B E t decouples, i.e.,
It follows from Remark 5 that we have [53, (7.23)]:
(2.4.11) The Bismut-Cheeger eta form associated to B E [53, (7.25) ] is defined to be
Note that the Bismut-Cheeger eta form depends on the choices of the finite rank subbundle satisfying the MF property with respect to D S⊗E as well, but it is independent of the choice of α.
The local FIT for D S⊗E without Assumption 1 is defined to be the local FIT for D S⊗E (1), which is given by [53, (7.26)]:
The following remark will be useful in the proof of the variational formula of the Bismut-Cheeger eta form without Assumption 1 (Proposition 1).
Remark 6. The purpose of putting the projected Z 2 -graded unitary connection ∇ L on L → B [53, p.943] is to obtain the local FIT for D S⊗E (1). However, for our purpose we will choose other Z 2 -graded unitary connection on L → B. Of course the corresponding analog of (2.4.12) cannot be called the local FIT. More precisely, let ∇ L be a Z 2 -graded unitary connection on L → B, not necessarily projected from ∇ π spin * E,u . Then the rescaled Bismut superconnection
√ t still satisfies the analogs of (2.4.10) and (2.4.11). The corresponding BismutCheeger eta form can still be defined, but it depends on ∇ L . The analog of (2.4.12) still holds. Henceforth we add the entry ∇ L in the data defining the Bismut-Cheeger eta form if it is not projected from ∇ π spin * E,u , i.e., we denote by
the Bismut-Cheeger eta form when the unitary connection ∇ L on L → B is not projected from π spin * E → B.
2.5. The analytic index in differential K-theory. In this subsection we review the definition of Freed-Lott differential K-theory and the analytic index in differential K-theory defined under and without Assumption 1 [53] . The setting of the local FIT in [53] is defined for spin c fibers, but for our purpose we need spin fibers. The Freed-Lott differential K-group K FL (X) is the abelian group generated by quadruples E = (E, g E , ∇ E , ω), where E → X is a complex vector bundle with a Hermitian metric g E and a unitary connection ∇ E , and
The only relation is E 0 = E 1 if and only if there exists a
The differential K-group K FL (X) can also be described by Z 2 -graded generators, i.e., a quadruple E = (E, g E , ∇ E , ω), where E → X, g E and ∇ E are Z 2 -graded. In this case, two Z 2 -graded generators E 0 and E 1 are equal in K FL (X) if and only if there exists
and similarly for V, such that
Let π : X → B be a submersion with closed, oriented and spin fibers of even dimension, and E = (E, g E , ∇ E , ω) a generator of K FL (X). If assumption 1 is satisfied, then the differential analytic index ind a FL (E) ∈ K FL (B) [53, Definition 3 .12] is defined to be 
Main results
In this section we prove the main results of this paper. Henceforth by geometric data we mean the following quadruple
as defined in section 2.3. 
Its rescaled superconnection A W t is given by
If B E,W is the Bismut superconnection on π spin * E ⊕ W → B defined by
, where the left-hand side of (3.1.3) denotes the Bismut-Cheeger eta form associated to B E,W .
Proof. Note that for all t ∈ (0, ∞) we have B E,W t = B E t ⊕ A W t . By (2.1.9), for any t < T ∈ (0, ∞) we have the following equalities in Ω odd (B) Im(d) :
Denote by η W the Bismut-Cheeger eta form associated to A W . By taking T → ∞ and t → 0 we obtain
where 
Thus η W = 0 ∈ Ω odd (B), and therefore (3.1.3) holds.
An example of split quadruple (W, g W , ∇ W , V ) over B that will be used in Proposition 1 is given as follows:
In this case ker(V ) → B is the zero bundle, so the other conditions of (W, g W , ∇ W , V ) being split are immediately satisfied. First of all we recall a fact on Z 2 -graded complex vector bundles [9, p.289] . If E → B is a Z 2 -graded complex vector bundle, then it defines an element in 
We now prove the variational formula of the Bismut-Cheeger eta form without Assumption 1. The proof given below is actually similar to the ones of [62, 69] . The extra technicality is caused by different choices of the Z 2 -graded finite rank subbundle L → B satisfying the MF property with respect to D S⊗E . Proposition 1. Let π : X → B be a submersion with closed, oriented and spin fibers of even dimension n, and E → X a complex vector bundle. For a fixed k ∈ {0, 1}, denote by ( Proof. Since the space of the splitting map is affine, there exists a smooth path of horizontal distributions {T H t X → X} t∈[0,1] joining T H 0 X → X and T H 1 X → X. By section 2.1 and above, there exists a smooth path
. From the path (3.1.6) one can define a new path
) by:
Here, for t ∈ [0,
is induced by (3.1.6). 1 We would like to thank Bo Liu for a discussion on this issue.
Consider the following diagram
where E := p * X E. The smooth path (3.1.7) defines the geometric data
Since the fibers of π : X → B are oriented and spin, the same is true for the fibers of π : X → B.
Denote by D S⊗E : π spin * E → π spin * E the twisted spin Dirac operator defined by the geometric data (3.1.8). Since Assumption 1 is not satisfied, we choose and fix a finite rank subbundle L → B satisfying the MF property with respect to D S⊗E . Denote by K → B the complementary subbundle of π
(3.1.9) As in (2.1.2) we have the following bundle isomorphisms
(3.1.10)
for k = 0 and k = 1 respectively, it follows that a direct sum decomposition of π spin * E → B is given by (π for k = 0 and k = 1. Therefore the K-theoretic analytic index of [E] ∈ K(X) can also be given by ind
Since the K-theoretic analytic index is well defined, it follows from (3.1.3) that there exist complex vector bundles G k → B and H k → B, where k ∈ {0, 1}, such that
(3.1.13)
It follows from (3.1.13) that
Define a Z 2 -graded complex vector bundle H → B and H = H + ⊕ H − , and define H = p * B H. By (3.1.14) and (3.1.10) we have 
Then V → B and W → B are equipped with unitary connections ∇ V = ∇ V,+ ⊕ ∇ V,− and ∇ W = ∇ W,+ ⊕ ∇ W,− respectively. As in section 2.1 the
by (2.1.6) is unitary and satisfies
The rescaled Bismut superconnection B E ,H t on the infinite rank bundle π
Thus by Remark 6 the analog of (2.4.11) holds, i.e.,
On the other hand, since B E ,H
[0],t is invertible for t ≥ 1, it follows that the analog of (2.4.10) holds, i.e., 
It follows from (3.1.17) and (3.1.18) that the local FIT for D S⊗E (1) is given by
Denote by i : ∂ B → B the inclusion map. By (2.1.4), integrating (3.1.19) along the fibers of p B : B → B gives
2 We temporarily suppress the data defining the Bismut-Cheeger eta form in (3.1.20), (3.1.21) and (3.1.24) to shorten the notation.
By modding out exact forms in (3. 1.20) , it follows from (3.1.19) that
(3.1.21) By (2.1.12) we have
(3.1.22)
By the defining property of the path (3.1.8) we have
By putting (3.1.22) and (3.1.23) into (3.1.21) we obtain
On the other hand, it follows from (3.1.12), (3.1.15) and (3.1.16) that
First note that the quadruple (W, g W , ∇ W , V ), where V = 0 id id 0 , splits.
Define a superconnection A W on W → B by (3.1.1) and its rescaled superconnection A W t by (3.1.2). The Bismut superconnection B E,W defining the
It follows from Lemma 1 that (3.1.25) becomes
and similarly we have
(3.1.27)
Thus by putting (3.1.26) and (3.1.27) into (3.1.24) we have
Thus (3.1.5) holds.
We now give independent proofs of [53, (3) and (4) Corollary 1. Let π : X → B be a submersion with closed, oriented and spin fibers of even dimension, and Proof. By (2.5.4), (2.5.5) and (2.5.7), to prove (3.1.28) it suffices to show that there exist
(3. 1.30) First note that (3.1.29) follows from (3.1.15). By taking
, we obtain (3.1.30) by (2.1.8).
Corollary 2. Let π : X → B be a submersion with closed, oriented and spin fibers of even dimension, and
where L → B is a finite rank subbundle satisfying the MF property with respect to D S⊗E , and the right-hand side of (3.1.31) is given by (2.5.6).
Proof. 
(3.1.34)
We choose W → B and V → B to be zero bundles, so that (3.1.33) is satisfied. Since
, it follows that (3.1.34) becomes 
where the left-hand side of (3.2.1) is the Cheeger-Chern-Simons class of (E, ∇ E ) with respect to the Z grading given by (2.2.10) and the right-hand side of (3.2.1) is the Cheeger-Chern-Simons class of (E, ∇ E ) with respect to the Z 2 grading given by (2.2.11).
Proof. Consider E → X as a Z-graded complex flat vector bundle with a
is a trivial connection on k E k → X. Let be the least common multiple of 0 , . . . , m . Then there exist unique
it follows from (2.1.9) and (2.1.
where ∇ E k 0 is a trivial connection on E k → X. By Remark 2 we have
for some map g k : X → U( rank(E k )). By (3.2.2) and (3.2.3), we have
(3.2.4) Recall that the connections ∇ ± on E ± → X are defined by (2.2.8). Note that ∇
are trivial connections on E ± → X respectively. By (2.1.9) the first term of the right-hand side of (3.2.4) becomes
).
(3.2.5)
(3.2.6)
(3.2.7) By (3.2.5) and (3.2.7), (3.2.4) becomes
Since the mod Q reduction of the de Rham class of the left-hand side of (3.2.8) is the left-hand side of (3.2.1), and the same is true for the righthand side of (3.2.8) and (3.2.1), it follows that (3.2.1) holds.
Lemma 3. Let F ± → X be a complex flat vector bundle with a flat connection ∇ ± . Define F := F + ⊕ F − and ∇ F := ∇ + ⊕ ∇ − . If F → X and ∇ F are ungraded direct sums, then
If rank(F + ) = rank(F − ) and F → X, ∇ F are Z 2 -graded direct sums, then
where ∇ kF 0 is a trivial connection on kF → X. On the other hand, the flatness of (F ± , ∇ ± ) implies the existence of
is a trivial connection on k ± F ± → X. Let k ∈ N be the least common multiple of k + , k − , k. Then there exists m, m + , m − ∈ N such that k = mk and k = m ± k ± . By (2.1.8) and (2.1.9) we have 1
(3.2.13)
and m∇ kF 0 are trivial connections on kF → X, it follows from Remark 2 that
for some map g : X → U( k ). On the other hand, by (2.1.9) again we have 1
It follows from (3.2.14) and (3.2.15) that (3.2.13) becomes hand, the flatness of (F ± , ∇ ± ) implies the existence of k ± ∈ N such that k ± F ± ∼ = k ± C . Let k be the least common multiple of k, k + and k − . Then there exist unique m, m ± ∈ N such that k = mk and k = m ± k ± . Note that
Let j : kF + → kF − be an isomorphism. By (2.1.7) and (2.1.8) we have
is a trivial connection on kF + → X. By taking the mod Q reduction of the de Rham class of the last equality we see that (3.2.10) holds.
Note that (3.2.10) is not a consequence of Lemma 2 since the Z 2 -graded objects (F, ∇ F ) do not come from a Z-graded flat cochain complex.
3.3. The real part of the Riemann-Roch-Grothendieck theorem. In this subsection we prove the real RRG at the differential form level for dim(Z) even. Theorem 1. Let π : X → B be a submersion with closed fibers Z of even dimension. If F → X is a Z 2 -graded complex flat vector bundle, where
, where m ∈ N, j : mF + → mF − is an isometric isomorphism and j : mH(Z, F | Z ) + → mH(Z, F | Z ) − is the isometric isomorphism induced by j.
Before we prove Theorem 1 we first prove that (3.3.1) is the refinement of the Z 2 -graded version of the real RRG at the differential form level for dim(Z) even.
Corollary 3. Let π : X → B be a submersion with closed fibers Z. Let F → X be a Z 2 -graded complex flat vector bundle, where F = F + ⊕ F − with rank(F + ) = rank(F − ), equipped with a Z 2 -graded flat connection
2) and define the Z 2 -graded unitary connection ∇ F,u on F → X by (2.2.3). By proceeding as in section 2.3 we obtain the Z 2 -graded complex vector bundle H(Z, F | Z ) → B, equipped with the
On the other hand, since
it follows from (2.2.5) and (3.3.3) that
Thus there exist k, ∈ N such that kF + ∼ = kF − via an isometric isomorphism j and H(Z, F | Z ) + ∼ = H(Z, F | Z ) − via an isometric isomorphism j 1 respectively. By (2.2.11), proving (3.3.2) is equivalent to proving
up to elements in Ω odd Q (B). If k = , then (3.3.5) is equal to (3.3.1). If k = , let m be the least common multiple of k and . Then there exist unique
is an isometric isomorphism. The same argument applies to CS(k∇ +,u , j * k∇ −,u ). Thus (3.3.5) becomes We now give a proof of Theorem 1.
Proof of Theorem 1. Given (F, ∇ F ), put a Z 2 -graded Hermitian metric g F = g + ⊕ g − on F → X. Let m ∈ N and j : mF + → mF − be as in the proof of Corollary 3. Write F = mF + ∼ = mF − . As in section 2.1 we may assume that mg + = mg − , and write g F = mg + . Let ∇ F t be a smooth curve of connections on F → X such that ∇ F 1 = m∇ + and ∇ F 0 = j * m∇ − . Consider the pullback of F → X by p X :
where F := p * X F. Note that F → X is a complex flat vector bundle with the Hermitian metric g F := p * X g F and the flat connections p * X m∇ + and p * X j * m∇ − (both of which are not compatible with g F in general). Define a connection ∇ F on F → X by
Note that ∇ F is not flat. The connection ∇ F ,u on F → X defined by
is unitary with respect to g F . Note that
and similarly i * X,0 ∇ F ,u = j * m∇ −,u . Temporarily assume that the fibers Z are oriented and spin. Then the fibers Z are also oriented and spin. The geometric data on π : X → B is given by (g F , ∇ F , T H X, g T V X ), where T H X → X and g T V X are obtained by pulling back a fixed choice of T H X → X and g T V X . The infinite rank Z 2 -graded complex vector bundle π We do not assume that D S ⊗S * ⊗F + V satisfies Assumption 1. We apply Proposition 1 to the current case and adapt to the following changes. The obvious replacements are: E → X is replaced by F → X, g E 0 and g E 1 are replaced by g F ; T H X 0 → X and T H X 1 → X are replaced by T H X → X; g T V X 0 and g T V X 1 are replaced by g T V X ; ∇ E 0 is replaced by ∇ F,u 0 = j * m∇ −,u and ∇ E 1 is replaced by ∇ F,u 1 = m∇ +,u . There are several slightly more complicated replacements. The first one is the term A(T V X) ∧ ch(∇ E ) in (3.1.21), which is replaced by
By [1, (8.30) Here we again suppress the subscript 0 on H(Z, F| Z ) → B. By an argument similar to (3.3.9) we get
Note that the complex flat vector bundles
(3.3.13) (3.3.13) will be used to deduce the real RRG for dim(Z) even. 
